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We consider Kasner-type static, cylindrically symmetric interior string solutions in the f (R,Lm)
theory of modified gravity. The physical properties of the string are described by an anisotropic
energy-momentum tensor satisfying the condition T tt = T
z
z ; that is, the energy density of the string
along the z-axis is equal to minus the string tension. As a first step in our study we obtain the
gravitational field equations in the f (R,Lm) theory for a general static, cylindrically symmetric
metric, and then for a Kasner-type metric, in which the metric tensor components have a power law
dependence on the radial coordinate r. String solutions in two particular modified gravity models
are investigated in detail. The first is the so-called “exponential” modified gravity, in which the
gravitational action is proportional to the exponential of the sum of the Ricci scalar and matter
Lagrangian, and the second is the “self-consistent model”, obtained by explicitly determining the
gravitational action from the field equations under the assumption of a power law dependent matter
Lagrangian. In each case, the thermodynamic parameters of the string, as well as the precise form
of the matter Lagrangian, are explicitly obtained.
PACS numbers: 04.50.Kd, 04.20.Cv, 04.20.Fy
I. INTRODUCTION
The recently released Planck satellite data of the 2.7
K Cosmic Microwave Background (CMB) full sky sur-
vey [1] have generally confirmed the standard Λ Cold
Dark Matter (ΛCDM) cosmological model. Nonetheless,
observations of high redshift type Ia supernovae have
convincingly shown that our universe is presently under-
going a period of accelerated expansion, for which the
most natural explanation would be the presence of some
form of dark energy, with an equation of state param-
eter w = −1.018 ± 0.057 for a flat universe [2]. From
a theoretical point of view, the necessity of explaining
dark energy, as well as the second dominant component
of the universe, dark matter [3], raises the fundamental
question of whether the standard Einstein−Hilbert ac-
tion (S =
∫
(R/2 + Lm)
√−gd4x, where R is the scalar
curvature, and Lm is the matter Lagrangian density), in
which matter is minimally coupled to geometry, can give
an appropriate quantitative description of the universe
on all scales, from the boundary of the solar system to
the edge of the horizon.
A gravitational theory with an explicit coupling be-
tween an arbitrary function of the scalar curvature and
the Lagrangian density of matter was proposed in [4].
The gravitational action of this theory is of the form
S =
∫ {f1(R) + [1 + λf2(R)]Lm}√−gd4x, where λ is
a constant, and f1(R) and f2(R) are arbitrary func-
tions of the Ricci scalar. In this model an extra force
acting on massive test particles arises, and the mo-
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tion is no longer geodesic. Moreover, in this frame-
work, one can also explain dark matter [4]. The ini-
tial linear geometry−matter coupling introduced in [4]
was extended in [5], and a maximal extension of the
Einstein−Hilbert action with geometry-matter coupling,
of the form S =
∫
d4x
√−gf (R,Lm), was considered in
[6]. Geometry−matter couplings in the presence of scalar
fields were discussed in [7] and the cosmological and as-
trophysical implications of the f (R,Lm) type gravity
theories were investigated in [8]. For a recent review of
the f (R,Lm) model see [9].
Topological defects, including strings, are expected to
have formed via the Kibble mechanism [10] during in
phase transitions in the early Universe [11–13]. In partic-
ular, magnetic monopoles are generic features of Grand
Unified Theories (GUTs) [14, 15], with expected mass
scales in the region of m ∼ mGUT /αGUT ∼ 1017 GeV,
where mGUT ∼ 1015 GeV is the expected grand unifica-
tion scale and αGUT is the coupling constant. Though
not completely ruled out by existing data, the mass and
number densities of monopoles and domain walls, result-
ing from the spontaneous breaking of spherical and parity
symmetry, respectively, are tightly constrained by obser-
vations [13, 16–22].
For the time being, however, we limit ourselves to con-
sideration of the most viable species of topological defects
which may exist as remnants from the early universe; cos-
mic strings. In field theory models, strings form whenever
an axial symmetry is spontaneously broken. They are ei-
ther “infinitely” long (that is, spanning the horizon), or
exist in the form of loops. As shown by both analytical
studies [23] and numerical simulations [24], cosmic string
networks typically reach a scaling solution in which their
contribution to the total energy density of the universe
2becomes constant. This is due to string self-intersection
and the resulting “chopping off” of loops from the long
string network, which then subsequently decay via grav-
itational radiation [25] or gauge particle emission [26].
Remarkably, this behavior also seems to occur in mod-
els motivated by string theory, in which cosmic F -strings
(fundamental, Nambu−Goto strings [27] of macroscopic
size) and D-strings (one-dimensional D-branes [28]) or,
more generally, bound states of p F -strings and q D-
strings called (p, q)-strings, exist in space-times with
compact extra dimensions [29]. In such a scenario, one
may expect the inter-commuting probability of the string
network to be significantly less than unity, leading to re-
duced loop formation [30] but, to date, predictions of
scaling behavior based on analytic and numerical studies
appear to be robust [31].
Though there are a great many field-theoretic and
string theory inspired models of cosmic string forma-
tion, evolution and decay within the existing literature,
at present, almost all studies of the gravitational prop-
erties of strings have been conducted in the context of
general relativity or, at least, in models for which non-
standard gravitational effects (such as those caused by
the presence of compact extra dimensions) may be ne-
glected. Notable exceptions include a handful of stud-
ies in f(R) gravity [32, 33, 35], teleparallel theories [36],
brane worlds [37], Kaluza−Klein models [38], Lovelock
[39], Gauss−Bonnet [40], Born−Infeld [41] and bimetric
[42] gravity theories, and a few other, less mainstream, al-
ternatives [43], while more comprehensive bodies of work
exists for strings in scalar-tensor theories [44], including
string theory-inspired dilation gravity [45], and gravita-
tional theories with torsion [46]. The possible existence
of Bose-Einstein condensate strings was investigated in
[47].
It is the goal of the present paper to consider string-
type solutions in the f (R,Lm) gravity theory and, to the
best of the author’s knowledge, this study constitutes the
first analysis of such solutions in a gravitational theory
with arbitrary nonminimal matter-geometry coupling.
Of the string-type solutions obtained in (3 + 1)-
dimensional modified gravity theories, those found in
general f(R) gravity [32–34] bear closest resemblance to
the solutions considered in the present work. In [32],
Azadi et al considered cylindrically symmetric solutions
with constant Ricci curvature. They found the unique
solution for R = 0, which is also recovered in Sects. V-
VI as a specific case, corresponding to cylindrically sym-
metric metrics obeying both sets of Kasner conditions
[48, 49]. In addition, they found two further families of
vacuum solutions for which R = const. 6= 0, in which the
Ricci scalar was found to play the role of a cosmological
constant term, giving rise to an f(R) gravity analogue
of the Linet−Tian solution [50], for cosmic strings in an
Einstein gravity space-time with Λ 6= 0. In [33], Momeni
and Gholizade showed that the solution previously ob-
tained in [32] is, in fact, only one member of the most
generalized Tian family in general relativity and, as such,
is physically applicable to the exterior of a cosmic string.
However, the results derived in the present study seem,
at first, to contrast with those presented in [32, 33],
since we determine the Ricci scalar for general, Kasner-
type space-times in f(R,Lm) gravity to be of the form
R = R0(a, b, c)/r
2, where R0(a, b, c) = 0 when both sets
of Kasner conditions are satisfied. Since the f(R,Lm)
theory naturally encompasses all cases in which the grav-
itational Lagrangian is of the form f(R) + Lm, it neces-
sarily implies that cylindrically symmetric vacuum so-
lutions in the f(R) theory, for which R = const. 6= 0,
cannot be of Kasner form. By the results presented in
[33], the physical implication of this statement is that
Linet−Tian type solutions in f(R) gravity, in which the
cosmological constant term in the field equations is “gen-
erated” by the constant Ricci scalar, cannot be described
by the Kasner metric, and more general cylindrically
symmetric metrics must be considered in order to obtain
them. This contrasts with the case in general relativ-
ity, in which a “Kasner-type” solution, corresponding to
R = 4Λ = const. exists [51], but is not of the standard
Kasner form (i.e obeying both sets of Kasner conditions,
for which the unique vacuum solution to Einstein’s field
equations with Λ = 0 is recovered).
Some additional, nonvaccuum, solutions in f(R) grav-
ity were also found in [34], using a self-consistent method
in which the form of f(R) was determined from the gen-
eral field equations using a cylindrically symmetric met-
ric. Though not generally of Kasner form, a more careful
comparison of these solutions with the nonvacuum solu-
tions obtained in the present work warrants further study,
but is beyond the cope of this paper.
For vacuum strings in the wire approximation [52], or
genuine F -strings governed by the Nambu−Goto action
[27], in which the string world-sheet carries no additional
currents or fluxes, the condition T = −m˜, where m˜ is the
inertial mass per unit length and T is the tension, holds
for a static, straight string (commonly assumed to lie par-
allel to the z-axis). This condition arises from general
Lorentz invariance and, specifically, from boost invari-
ance along the string length. For vacuum strings of finite
width and, potentially, nonuniform mass densities in the
radial direction, r (such as the Abelian-Higgs string [53]),
the equivalent condition is T tt = T
z
z , or ρ(r) = −pz(r),
where ρ(r) and pz(r) denote the mass density and ther-
modynamic pressure per unit volume within the string
core. Since, for a cylindrically symmetric distribution of
matter, these quantities depend only on the radial coordi-
nate, integration over r yields the effective mass per unit
length, m˜ =
∫
T tt
√−gdr, and tension T = ∫ T zz√−gdr,
of the string-type field configuration, which thus also sat-
isfy T = −m˜ [54]. For the sake of simplicity, we restrict
our attention to vacuum strings throughout the following
analysis and impose the condition T tt = T
z
z on the matter
sector.
The structure of this paper is then as follows. In
Sect. II, we give a brief outline of the f(R,Lm) gravity
theory, and we derive the general field equations and con-
3servation equations from the action. The form of these
equations is determined for a general static, cylindrically
symmetric source in Sect. III A. Specific Kasner type so-
lutions [48, 49] of the field equations are presented in
Sect. III B. In Sect. IV, a specific choice is made for the
function f , and the exponential modified gravity theory,
f (R,Lm) = Λ exp [(1/2Λ)R+ (1/Λ)Lm], which reduces
naturally to Einstein gravity in the low energy limit, is
chosen as a toy model. Solutions with self-consistent
matter Lagrangians are derived in Sect. V. That is, the
self-consistent form of f(R,Lm) is determined by impos-
ing the condition T tt = T
z
z on the matter sector, which
may be seen as a physical requirement corresponding
to the existence of vacuum/Nambu−Goto strings, and
by invoking the correspondence principle, which states
that the standard general relativistic limit of the mod-
ified gravity action (i.e. the Einstein−Hilbert action),
must exist for appropriate choices of the arbitrary pa-
rameters and functions of the model. Specific, Kasner-
type solutions with self-consistent matter Lagrangians
are investigated in Sect. VI, for a simple choice of mat-
ter Lagrangian dependence in f , f(R,Lm) ∝ Lqm, q =
constant 6= 1, and two distinct string-type solutions are
found to exist. These correspond to two self-consistent
sets of constraints, which may be imposed on the free
parameters of the Kasner metric. Section VII contains
a brief summary of the conclusions and discussion of the
main results of this analysis. In the present paper we use
the natural system of units, with 8πG = clight = 1, where
clight denotes the speed of light, and G the gravitational
constant, respectively.
II. f (R,Lm) GRAVITY
In this section, we first briefly summarize the f (R,Lm)
theory of gravity and introduce the gravitational action,
the field equations and the conservation equations, re-
spectively. The f (R,Lm) theory is based on the assump-
tion that the gravitational Lagrangian is given by an arbi-
trary function f of the Ricci scalar R and of the matter
Lagrangian Lm [6]. This theory represents a maximal
extension of the Hilbert−Einstein action, and the action
takes the form [6]
S =
∫
f (R,Lm)
√−g d4x , (1)
where
√−g is the square root of the determinant of the
metric tensor. We require that the function f be ana-
lytic in both R and Lm; that is, f must possess a Taylor
series expansion about any point (R,Lm). The energy-
momentum tensor of the matter is defined by [55]
Tµν = − 2√−g
[
∂ (
√−gLm)
∂gµν
− ∂
∂xλ
∂ (
√−gLm)
∂ (∂gµν/∂xλ)
]
. (2)
Thus, by assuming that the Lagrangian density of the
matter, Lm, depends only on the metric tensor gµν ,
and not on its derivatives, we obtain Tµν = gµνLm −
2 ∂Lm/∂g
µν.
By varying the action with respect to the metric we ob-
tain the following field equations for the f (R,Lm) gravity
theory [6]:
fR (R,Lm)Rµν + (gµν−∇µ∇ν) fR (R,Lm)
−1
2
[
f (R,Lm)− fLm (R,Lm)Lm
]
gµν =
1
2
fLm (R,Lm)Tµν ,
(3)
where we have denoted fR (R,Lm) = ∂f (R,Lm) /∂R
and fLm (R,Lm) = ∂f (R,Lm) /∂Lm, respectively. Al-
ternatively, Eq. (3) can be written as
Rµν =
1
fR (R,Lm)
PˆµνfR (R,Lm) + Λeff (R,Lm) gµν
+Geff (R,Lm)Tµν , (4)
where we have denoted
Pˆµν = ∇µ∇ν − gµν, (5)
Λeff (R,Lm) =
1
2fR (R,Lm)
[
f (R,Lm)−fLm (R,Lm)Lm
]
,
(6)
and
Geff (R,Lm) =
1
2
fLm (R,Lm)
fR (R,Lm)
. (7)
The differential operators ∇µ∇ν and  are given by
∇µ∇νF (xλ) = ∂
2F
∂xµ∂xν
− Γαµν
∂F
∂xα
, (8)
and
F (xλ) =
1√−g
∂
∂xµ
(√−ggµν ∂F
∂xν
)
, (9)
where F
(
xλ
)
is an arbitrary function of the coordinates
xλ, and the Γαµν , defined as
Γαµν =
1
2
(
∂gαµ
∂xν
+
∂gαν
∂xµ
− ∂gµν
∂xα
)
, (10)
are the Christoffel symbols associated to the metric.
With the choice f (R,Lm) = R/2 + Lm (the
Einstein−Hilbert Lagrangian), we recover the standard
Einstein field equations of general relativity, Rµν −
(1/2)gµνR = Tµν . By choosing f (R,Lm) = f1(R) +
f2(R)G (Lm), where f1 and f2 are arbitrary functions
of the Ricci scalar, and G is a function of the matter
Lagrangian density, we may reobtain the field equations
of the modified gravity with arbitrary curvature-matter
coupling, introduced in [4], for an appropriate choice of
G.
4The contraction of Eq. (3) gives the following relation
between the Ricci scalar R, the matter Lagrangian den-
sity Lm, and the trace of the energy-momentum tensor,
T = T µµ ;
R+
3
fR (R,Lm)
fR (R,Lm)− 4Λ (R,Lm)
= Geff (R,Lm)T. (11)
By eliminating the fR (R,Lm) term using Eqs. (3)
and (11), we obtain the gravitational field equations in
an alternative form as
Rµν − 1
3
Rgµν +
1
3
Λ (R,Lm) gµν = Geff (R,Lm)×(
Tµν − 1
3
Tgµν
)
+
1
fR (R,Lm)
∇µ∇νfR (R,Lm) . (12)
Taking the covariant divergence of Eq. (3), with the
use of the mathematical identity [56],
∇ν −∇ν = Rµν∇µ, (13)
then gives the following equation for the divergence of
the energy-momentum tensor Tµν ,
∇µTµν = ∇µ ln [fLm (R,Lm)] {Lmgµν − Tµν}
= 2∇µ ln [fLm (R,Lm)]
∂Lm
∂gµν
. (14)
The explicit derivation of Eq. (14) is also presented in Ap-
pendix A. The requirement that the energy-momentum
tensor for matter be conserved, ∇µTµν = 0, then yields
an effective functional relation between the matter La-
grangian density and the total Lagrangian f (R,Lm),
∇µ ln [fLm (R,Lm)]
∂Lm
∂gµν
= 0 . (15)
Thus, once the matter Lagrangian density is known, by
an appropriate choice of f (R,Lm), one can construct,
at least in principle, conservative gravity models with
arbitrary curvature-matter coupling.
III. FIELD EQUATIONS FOR f (R,Lm)
MODIFIED GRAVITY ASSUMING A STATIC
CYLINDRICAL SYMMETRIC SOURCE
In the present section we consider the gravitational
field equations describing explicit string solutions in the
f (R,Lm) gravity theory. We assume a cylindrically sym-
metric geometry in which the source term is represented
in the form of an anisotropic fluid with three distinct
pressures components along the r-, φ- and z-axes (in
cylindrical polar coordinates, (t, r, φ, z)). The simplest
model for a cosmic string is the so-called “gauge string”
[57], which is an idealized cylindrical mass distribution
with a finite radial extension having T tt = T
z
z as the only
nonvanishing components of the energy-momentum ten-
sor. In the following we restrict our analysis to a similar
configuration, but with a more general pressure distribu-
tion, for which T rr 6= 0 and T φφ 6= 0, respectively.
A. String geometry and field equations in f (R,Lm)
gravity
We assume a cylindrical symmetry metric, giving a line
element of the form [58]
ds2 = N2(r)dt2 − dr2 − L2(r)dφ2 −K2(r)dz2, (16)
where N(r), L(r) and K(r) are arbitrary functions of
the radial coordinate r. The nonzero Christoffel symbols
associated to the metric (16) are given by
Γ010 =
N ′(r)
N(r)
,Γ100 = N(r)N
′(r),Γ212 =
L′(r)
L(r)
,
Γ122 = −L(r)L′(r),Γ313 =
K ′(r)
K(r)
,Γ133 = −K(r)K ′(r),
(17)
where a prime denotes the derivative with respect to r.
The operator  is given by
 = − 1
N(r)L(r)K(r)
d
dr
[
N(r)L(r)K(r)
d
dr
]
, (18)
while for the covariant derivatives of an arbitrary func-
tion f(r) we obtain
∇t∇tf = −N(r)N ′(r)df
dr
,∇r∇rf = d
2f
dr2
,
∇φ∇φf = L(r)L′(r)df
dr
,∇z∇zf = K(r)K ′(r)df
dr
.
With the line element (16), the components of the Ricci
tensor are [58]
Rtt =
(LKN ′)′
NLK
,Rrr =
N ′′
N
+
L′′
L
+
K ′′
K
,
Rφφ =
(NKL′)′
NLK
,Rzz =
(NLK ′)′
NLK
. (19)
The source term in the field equations is given by the
energy-momentum tensor with the following components
[58]:
T tt = ρ(r), T
r
r = −pr(r), T φφ = −pφ(r),
T zz = −pz(r) = ρ(r). (20)
Therefore the field equations describing cylindrically
symmetric string-type solutions in f (R,Lm) gravity can
be written as
(LKN ′)′
NLK
= Geff (R,Lm) ρ+ Λ (R,Lm)− 1
fR (R,Lm)
×
[
1
NLK
d
dr
(
NLK
d
dr
)
+
N ′
N
d
dr
]
fR (R,Lm) , (21)
N ′′
N
+
L′′
L
+
K ′′
K
= −Geff (R,Lm) pr + Λ (R,Lm)
+
1
fR (R,Lm)
[
1
NLK
d
dr
(
NLK
d
dr
)
− d
2
dr2
]
fR (R,Lm) ,
(22)
5(NKL′)′
NLK
= −Geff (R,Lm) pφ + Λ (R,Lm)
+
1
fR (R,Lm)
[
1
NLK
d
dr
(
NLK
d
dr
)
− L
′
L
d
dr
]
×fR (R,Lm) , (23)
(NLK ′)′
NLK
= Geff (R,Lm) ρ+ Λ (R,Lm)
+
1
fR (R,Lm)
[
1
NLK
d
dr
(
NLK
d
dr
)
− K
′
K
d
dr
]
×fR (R,Lm) . (24)
Generally, the regularity of the geometry on the sym-
metry axis is imposed via the initial conditions,
L(0) = 0, L′(0) = 1, N(0) = 1, N ′(0) = 0. (25)
We define the radius Rs of the string as the radius
for which the radial pressure pr(r) vanishes, pr (Rs) =
0. Additionally, we may also impose the conditions
pφ (Rs) = 0, and
∫ Rs
r=0 pr(r)dr = 0, and
∫ Rs
r=0 pφ(r)dr = 0,
respectively. The physical reasoning behind these condi-
tions is that, if they did not hold, the string core would
either be expanding or contracting. However, for some
string models these conditions may not hold, thus allow-
ing the possibility of a nonzero surface energy density
and tangential pressure.
Next we consider the relations that follows from the
“conservation” of the energy-momentum tensor, given
by Eq. (14). Since all the components of the energy-
momentum tensor and of the function f (R,Lm) are in-
dependent of the coordinates (t, φ, z), we have
∇µT µt = 0,∇µT µφ = 0,∇µT µz = 0. (26)
Furthermore, the divergence of the T µν can be obtained
in a general form as [55]
∇µT µν =
1√−g
∂
∂xµ
(√−gT µν )− 12 ∂gαβ∂xν Tαβ. (27)
It follows that Eq. (26) is identically satisfied, with
the only potentially nonzero component of the divergence
being given by
∇µT µr =
1√−g
d
dr
(√−gT rr )− 12 ∂gαβ∂r Tαβ. (28)
With the use of Eq. (28), the “conservation equation”
for the cosmic string in the f (R,Lm) gravity theory takes
the form
−dpr
dr
− (ρ+ pr) N
′
N
+ (pφ − pr) L
′
L
+ (pz − pr) K
′
K
=
d
dr
ln fLm (R,Lm) (Lm + pr) . (29)
and, since pz = −ρ, this is equivalent to
−dpr
dr
− (ρ+ pr)
(
N ′
N
+
K ′
K
)
+ (pφ − pr) L
′
L
=
d
dr
ln fLm (R,Lm) (Lm + pr) . (30)
To obtain a description of the physical properties of
the string we introduce the Tolman mass per unit length
M(r) of this system, defined as [59]
M(r) = 2π
∫ r
0
(ρ+ pr + pφ + pz)N
2Ldr =
2π
∫ r
0
(pr + pφ)N
2Ldr, (31)
along with the parameter
W (r) = −2π
∫ r
0
(ρ− pr + pφ − pz)N2Ldr =
−2π
∫ ∞
0
(2ρ− pr + pφ)N2Ldr, (32)
which can be related to the angular deficit of the space-
time via the “angular” Einstein equation [59]. With the
use of the field equations Eqs. (21)−(24) we obtain
M(r) = 2π
∫ r
0
1
Geff (R,Lm)
{
2Λeff (R,Lm) +
1
fR (R,Lm)
[
2
NLK
d
dr
(
NLK
d
dr
)
− d
2
dr2
− L
′
L
d
dr
]
fR (R,Lm)
}
N2Ldr −
2π
∫ ∞
0
1
Geff (R,Lm)
[
N ′′
N
+
L′′
L
+
K ′′
K
+
(NKL′)′
NLK
]
N2Ldr, (33)
and
W (r) = −2π
∫ r
0
1
Geff (R,Lm)
[
(LKN ′)′
NLK
+
N ′′
N
+
L′′
L
+
K ′′
K
− (NKL
′)′
NLK
+
(NLK ′)′
NLK
]
N2Ldr −
2π
∫ ∞
0
1
Geff (R,Lm)
{
2Λeff (R,Lm)− 1
fR (R,Lm)
[
d2
dr2
+
(
N ′
N
− L
′
L
+
K ′
K
)
d
dr
]
fR (R,Lm)
}
N2Ldr,
(34)
respectively. In the following we denote the total value of the Tolman mass and the value of the angular deficit
6parameter on the string surface by M = M (Rs) and
W =W (Rs), respectively.
B. The string gravitational field equations for the
Kasner metric
We now investigate the possibility of the existence of
Kasner-type solutions for static, cylindrically symmetric
strings in f (R,Lm) gravity. In standard general relativ-
ity, by neglecting the effect of the cosmological constant,
the unique, static, cylindrically symmetric vacuum solu-
tion of the Einstein field equations is given by the Kasner
metric [48, 49],
ds2 = (kr)2adt2 − dr2 − β2(kr)2(b−1)r2dφ2 − (kr)2cdz2,
(35)
where k sets the length scale and β is a constant, related
to the deficit angle of the conical space-time. The Kas-
ner metric is characterized by two free parameters which,
for the unique vacuum solution, satisfy the Kasner con-
ditions [48, 49],
a+ b+ c = a2 + b2 + c2 = 1. (36)
The derivation of the Kasner metric in standard gen-
eral relativity is presented in Appendix B. The physical
interpretation of the free parameters a, b, c of the Kasner
metric is of fundamental importance in the context of the
description of cosmic strings, as is the relation between
these parameters and the internal properties of the mat-
ter distribution. The simplest model for a cosmic string,
the gauge string [57], belongs to a very simple class of
Kasner-type solutions, with a = c = 0, b = 1, which is
locally flat. However, as one can see from Eq. (35), in
the gauge string model, there is an important global non-
trivial effect, namely, that the string geometry is that of
a cone. From a geometrical point of view the parameter
β in the Kasner solution is directly related to the conic
angular deficit [60, 61], which, in turn, is also related to
the mass distribution of the source [62–66].
In the case of a gauge string (in general relativity),
there is an explicit relation between the angular deficit
∆φ = 2π(1 − β) and the inertial mass (per unit length)
m˜, given by ∆φ = 8πGm˜. This relation was first ob-
tained by using a linear approximation for the case of an
infinitesimally thin source [67]. The same relation was
obtained by solving the full nonlinear Einstein equations
around a uniform source (T tt = constant) with a finite
radius [68, 69], and in the case of a nonuniform source
[70]. Since the space-time around a gauge string is lo-
cally flat, the angular deficit is the only geometrical (and
physical) evidence of its existence, thus allowing the pos-
sibility of observationally testing the presence of cosmic
strings. The next step in the study of gravitating cos-
mic strings requires the analysis of the more realistic,
Abelian-Higgs type models. In this context the analysis
of the full coupled field equations for the gravitational
field and matter fields was performed in [71].
Hence, for a Kasner-type metric, the gravitational field
equations for the cylindrically symmetric static string in
f(R,Lm) gravity (21)-(24) take the form
(a+ b+ c− 1) a
r2
= Geff (R,Lm) ρ+ Λeff (R,Lm)
− 1
fR (R,Lm)
[
d2
dr2
+
2a+ b+ c
r
d
dr
]
fR (R,Lm) , (37)
a2 + b2 + c2 − (a+ b + c)
r2
= −Geff (R,Lm) pr
+Λeff (R,Lm) +
a+ b+ c
r
d
dr
ln fR (R,Lm) , (38)
(a+ b+ c− 1) b
r2
= −Geff (R,Lm) pφ + Λ (R,Lm)
+
1
fR (R,Lm)
[
d2
dr2
+
a+ c
r
d
dr
]
fR (R,Lm) , (39)
(a+ b+ c− 1) c
r2
= Geff (R,Lm) ρ+ Λeff (R,Lm)
+
1
fR (R,Lm)
[
d2
dr2
+
a+ b
r
d
dr
]
fR (R,Lm) . (40)
The conservation equation (30) becomes
−dpr
dr
− (ρ+ pr) a+ c
r
+ (pφ − pr) b
r
=
d
dr
ln fLm (R,Lm) (Lm + pr) . (41)
and the Ricci scalar is given by R = R0/r
2, where
R0 = a
2 + b2 + c2 + (a+ b+ c) (a+ b+ c− 2) . (42)
The Tolman mass per unit length M(r) and the W (r)
parameter, which controls the angular deficit of the string
in the Kasner metric, are obtained as
M(r) = 2πβk
∫ r
0
(1− b) (a+ b+ c) + b − (a2 + b2 + c2)
Geff (R,Lm)
(kr)2a+b−2 dr +
2πβ
k
∫ ∞
0
(kr)2a+b
Geff (R,Lm)
{
2Λeff (R,Lm) +
1
fR (R,Lm)
[
d2
dr2
+
2a+ b+ 2c
r
d
dr
]
fR (R,Lm)
}
dr (43)
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W (r) = −2πkβ
∫ r
0
1
Geff (R,Lm)
[
(a+ b+ c− 1) (a− b + c− 1) + a2 + b2 + c2 − 1] (kr)2a+b−2 dr −
2πβ
k
∫ ∞
0
(kr)
2a+b
Geff (R,Lm)
{
2Λeff (R,Lm)− 1
fR (R,Lm)
[
d2
dr2
+
a− b+ c
r
d
dr
]
fR (R,Lm)
}
dr, (44)
respectively.
IV. KASNER-TYPE STRING SOLUTIONS
WITH A GIVEN FORM OF THE LAGRANGIAN
DENSITY: EXPONENTIAL f (R,Lm) GRAVITY
As a first example of string-type cylindrically sym-
metric solutions in f (R,Lm) gravity we consider a La-
grangian density of the form [6]
f (R,Lm) = Λ exp
(
1
2Λ
R +
1
Λ
Lm
)
, (45)
where Λ > 0 is an arbitrary constant. In the limit
(1/2Λ)R + (1/Λ)Lm ≪ 1, we obtain
f (R,Lm) ≈ Λ + R
2
+ Lm + ... (46)
That is, we recover the full Einstein−Hilbert gravita-
tional Lagrangian with a cosmological constant.
With this choice of Lagrangian density the gravita-
tional field equations take the form
Rµν = (Λ − Lm) gµν + Tµν − 1
Λ
[(
1
2
∇µ∇µR+∇µ∇µLm
)
gµν −
(
1
2
∇µ∇νR+∇µ∇νLm
)]
− 1
Λ2
[(
1
2
∇λR+∇λLm
)(
1
2
∇λR+∇λLm
)
gµν −
(
1
2
∇µR+∇µLm
)(
1
2
∇νR +∇νLm
)]
. (47)
In the case of weak gravitational fields and of small
particle velocities, the exponential curvature-matter cou-
pling induces an extra acceleration of massive test par-
ticles, which is proportional to the gradients of both
the Ricci scalar and the matter Lagrangian, ~a =
− (1/Λ) [∇ (R/2) +∇Lm]. In the case of pressureless
dust, the extra force is proportional to the gradient of
the matter density ρ only.
As one can see from Eqs. (47), the gravitational field
equations of the exponential f (R,Lm) gravity model
contain a new background term, proportional to the met-
ric tensor gµν , which depends on both the constant term
Λ, and on the physical parameters of the matter. Thus,
through the geometry−matter coupling, the exponential
model introduces an effective, time dependent “cosmo-
logical constant”.
From Eqs. (6) and (7), we have
Λeff (R,Lm) = Λ− Lm(r), Geff (R,Lm) = 1. (48)
Then, for a Kasner-type metric, the field equations
(37)−(40) describing the static, cylindrically symmetric,
string in exponential f (R,Lm) gravity take the form
(a+ b+ c− 1) a
r2
= ρ(r) + Λ− Lm(r)− 2R0 − Λr
2(2a+ b+ c)
Λ2r3
L′m(r) +
R0
[
Λr2(2a+ b+ c− 3)−R0
]
Λ2r6
− L
′′
m(r)
Λ
− L
′2
m
Λ2
,
(49)
a2 + b2 + c2 − (a+ b+ c)
r2
= −pr(r) + Λ − Lm(r) + a+ b+ c
Λr4
[
r3L′m(r) −R0
]
, (50)
(a+ b+ c− 1) b
r2
= −pφ(r) + Λ− Lm(r) +
[
Λr2(a+ c)− 2R0
]
Λ2r3
L′m(r) +
L′2m
Λ2
+
R0
[
R0 − Λr2(a+ c− 3)
]
Λ2r6
+
L′′m(r)
Λ
,
(51)
8(a+ b+ c− 1) c
r2
= ρ(r) + Λ− Lm(r) + Λr
2(a+ b)− 2R0
Λ2r3
L′m(r) +
R0
[
R0 − Λr2(a+ b− 3)
]
Λ2r6
+
L′′m(r)
Λ
+
L′2m
Λ2
,(52)
where we have also used the explicit form of the Ricci
scalar for the Kasner metric, given by Eq. (42). Equa-
tions (49) and (52) immediately give the following dif-
ferential equation, which is satisfied by the matter La-
grangian;
L′′m(r)
Λ
+
L′2m
Λ2
− 4R0 − Λr
2(3a+ 2b+ c)
2Λ2r3
L′m(r)−
R0
[
Λr2(3a+ 2b+ c− 6)− 2R0
]
2Λ2r6
+
(a+ b+ c− 1) (c− a)
2r2
= 0. (53)
By introducing a new dependent variable lm(r), de-
fined via L′m(r) = Λl
′
m(r)/lm(r), Lm(r) = Λ ln lm(r),
Eq. (53) takes the form of a linear differential equation
for lm(r), given by
l′′m(r)−
4R0 − Λr2(3a+ 2b+ c)
2Λr3
l′m(r)−
{
R0
[
Λr2(3a+ 2b+ c− 6)− 2R0
]
2Λ2r6
− (a+ b+ c− 1) (c− a)
2r2
}
lm(r) = 0. (54)
By introducing a new independent variable ξ = 1/r,
we have l′m = (dlm/dξ) (dξ/dr) = −ξ2dlm/dξ, and
l′′m = 2ξ
3 (dlm/dξ) + ξ
4
(
d2lm/dξ
2
)
, respectively. There-
fore Eq. (54) takes the form
d2lm (ξ)
dξ2
− (β − 2) ξ
2 − s
2ξ
dlm (ξ)
dξ
−
(
µ− β
2
ξ2 − m
ξ2
)
lm (ξ) = 0, (55)
where we have denoted β = 4R0/Λ, s = 3a+ 2b+ c, µ =
β(s−6)/8, andm = (a+b+c−1)(c−a)/2. Equation (55)
has the general solution
lm(ξ) = l
0
me
m1ξ
2
ξm2
[
c1U
(
u1, u2,−1
4
√
(β − 12)β + 4ξ2
)
+ c2L
u2−1
−u1
(
−1
4
√
(β − 12)β + 4ξ2
)]
, (56)
where U (a, b, z) is the confluent hyperge-
ometric function, defined as U (a, b, z) =
[1/Γ(a)]
∫∞
0 e
−ztta−1 (1 + t)
b−a−1
dt, Lan(x) is the
generalized Laguerre polynomial, satisfying the differen-
tial equation xy′′+(a+1− x)y′+ny = 0, and where we
have denoted
l0m = 2
1
8
(√
(s−2)2−16m+4
)
, (57)
m1 =
1
8
(
β +
√
(β − 12)β + 4− 2
)
, (58)
m2 =
1
4
(√
(s− 2)2 − 16m− s+ 2
)
, (59)
u1 =
(s+ 2)β − 2(s+ 4µ+ 2) +
√
(s− 2)2 − 16m
√
(β − 12)β + 4 + 4
√
(β − 12)β + 4
8
√
(β − 12)β + 4 , (60)
and
u2 =
1
4
(√
(s− 2)2 − 16m+ 4
)
. (61)
The parameters c1 and c2 are arbitrary integration con-
stants. Hence, the thermodynamical variables of the Kas-
ner string in the exponential type f (R,Lm) gravity can
9be expressed in terms of the function lm(r) as
ρ (r) = Λ [ln lm(r) − 1] + a+ c
2r
l′m(r)
lm(r)
+
(a+ b+ c− 1) (3a− c)
2r2
− (a+ c)R0
2Λr4
, (62)
pr(r) = Λ [1− ln lm(r)] +
(a+ b+ c)− (a2 + b2 + c2)
r2
+
a+ b+ c
Λr4
[
Λr3
l′m(r)
lm(r)
−R0
]
, (63)
pφ (r) = Λ [1− ln lm(r)] + c− a− 2b
2r
l′m(r)
lm(r)
− (a+ b+ c− 1) (c− 2b− a)
r2
+
(a+ b− 2c)R0
2Λr4
.
(64)
In the limit of small ξ, corresponding to large r,
Eq. (56) can be approximated as lm(ξ) ∝ ξm2 , or, equiv-
alently, lm(r) ∝ r−m2 . Thus it follows that, at large
radial distances, Lm(r) ≈ −m2Λ ln r and l′m(r)/lm(r) ≈
−m2/r. By using these approximations for Lm(r) and
lm(r) in Eqs. (62)−(64), we can easily determine the be-
havior of the energy density and thermodynamic pres-
sures of the Kasner string in the exponential f (R,Lm)
gravity theory.
In the same order of approximation we obtain for the
gravitational Lagrangian density and its derivative with
respect to R the expressions
f (R,Lm) ≈ Λr−m2 exp
(
R0
2Λr2
)
,
fR (R,Lm) ≈ 1
2
r−m2 exp
(
R0
2Λr2
)
. (65)
By using the results above we can now estimate the
mass per unit length and angular deficit parameter of
the string in the exponential model. We assume that the
string core extends between r = 0 and r = Rs, and thus
we avoid the singularity at the upper integration limits
in the integrals. The string radius can be estimated from
the equation pr (Rs) = 0, which gives
Λ [1 +m2 lnRs] +
(a+ b+ c)− (a2 + b2 + c2)
R2s
−
a+ b + c
ΛR4s
[
Λm2R
2
s +R0
]
= 0. (66)
By neglecting the term Λ [1 +m2 lnRs] in Eq. (66),
we obtain for the string radius the second-order algebraic
equation
[
(a+ b+ c)− (a2 + b2 + c2)]R2s +m2 (a+ b+ c)R2s +
(a+ b+ c)
R0
Λ
= 0. (67)
If the Kasner conditions hold at least approximately,
so that a + b + c ≈ 1 and a2 + b2 + c2 ≈ 1, the string
radius can be approximated as Rs ≈
√
−R0/m2Λ.
Hence, for the mass and the angular deficit parameter,
we obtain
M(r) = 2πβχ(a, b, c)(kr)2a+b−1 +
4πβ
k2
(kr)2a+b+1
2a+ b+ 1
Λ− 2βk4(kRs)2a+b−5
[
R0R
2
s(2a+ b+ c− 2m2 − 3)
Λ(2a+ b− 3)
+
m2R
4
s(2a+ b+ c−m2 − 1)
2a+ b− 1 −
2Λm2R
6
s
(2a+ b+ 1)2
+
2Λm2R
6
s log(Rs)
2a+ b+ 1
− R
2
0
Λ2(2a+ b− 5)
]
(68)
and
W (r) = −2πβθ(a, b, c)(kr)2a+b−1 − 4πβ
k2
(kr)2a+b+1
2a+ b+ 1
Λ + 2πβk4(kRs)
2a+b−5
[
R0R
2
s(−a+ b− c+ 2m2 + 3)
Λ(2a+ b− 3)
+
m2R
4
s(−a+ b− c+m2 + 1)
2a+ b− 1 +
2Λm2R
6
s
(2a+ b+ 1)2
− 2Λm2R
6
s log(Rs)
2a+ b+ 1
+
R20
Λ2(2a+ b − 5)
]
, (69)
where
χ(a, b, c) = (1− b) (a+ b+ c)+ b−
(
a2 + b2 + c2
)
(2a+ b− 1) , (70)
and
θ(a, b, c) =
10
[
(a+ b+ c− 1) (a− b+ c− 1) + a2 + b2 + c2 − 1]
(2a+ b− 1) . (71)
In order to avoid any divergence at the origin, the pa-
rameters a and b must satisfy the condition 2a+ b > 6.
By assuming that the parameter Λ in the exponen-
tial model is the cosmological constant, we may as-
sume for it a numerical value of the order of Λ ≈
10−56 cm−2. Then we can estimate the string radius
as Rs ≈ (−R0/m2)1/2 × 1028 cm. This relation im-
poses the constraint R0/m2 < 0. However, this value
of the radius is obtained in the quasi-Kasner approxima-
tion, which implies that R0 may have very small values,
R0 = ǫ << 1, while m2 still can have values of the or-
der of unity. Therefore the radius of the string can be
written as Rs ≈
√
ǫ× 1028 cm. To obtain physically rea-
sonable values of the radius, very small deviations from
the exact Kasner regime are required. For example, with
ǫ = 10−40, we can obtain more realistic string radius val-
ues of the order of Rs ≈ 108 cm. By taking into account
the approximate expression of Rs in Eq. (68), we can
estimate the mass per unit length of the string as
M ≈ 2β
(
c2light
G
)
(kRs)
2a+b−1
≈ 2.7× 1028 × β × (kRs)2a+b−1 g/cm. (72)
Besides the parameters a and b, the mass of the string
depends on the other two parameters β and k of the
Kasner metric. For k ≈ 1/Rs, and β = 10−4, we obtain
for the mass per unit length of the string M ≈ 1024
g/cm. Therefore ultralong cosmic strings, with lengths
of the order of 1 kpc = 3×1021 cm, could reach masses of
order M ≈ 1.5× 1012M⊙ in this model. Of course these
estimates are strongly dependent on the values of β, k
and the parameters of the Kasner metric, whose exact
values can be obtained only by fitting with astrophysical
data.
In the first-order approximation the angular deficit pa-
rameter of the string can be written in a form very similar
to the Tolman mass equation,
W ≈ −2πβθ(a, b, c)
(
c2light
G
)
(kRs)
2a+b−1
g/cm. (73)
The basic difference between the numerical values of M
and W is determined by the functional form of θ(a, b, c),
which, as one can see from Eq. (71), in the quasi-Kasner
limit takes very small values, being exactly equal to zero
in the standard Kasner case. So the presence of a nonzero
negative angular deficit is determined by the deviation of
the string interior metric from the exact Kasner form.
A. Observational implications
Gravitational lensing is one of the important physi-
cal effects that could, at least in principle, discriminate
between cosmic strings and other matter distributions.
In the standard string scenario a vacuum string does
not change the curvature of the space-time, but only its
topology [68]. Therefore light rays are not deflected by
a cosmic string. However, because of the specific coni-
cal structure of the space-time metric, if two light rays
pass on the different sides of the string, they may con-
verge later at the same point of observation [72]. If
a cosmic string lies between us and a distant source,
we see two images of the source separated by an angle
δθ = 8πµs sinαDLS/DOS , where µs is the string linear
density, α is the angle between the string and the ob-
server - source direction, and DLS and DOS indicate the
distance between the lens and the source, and the ob-
server and source, respectively. Hence in the case of the
standard conical string, the two images formed due to
the string presence are identical to the original source,
without presenting any amplification or distortion [72].
By contrast, the gravitational lensing by gas filaments
shows a very different pattern, with one or three elon-
gated images [72].
The gravitational lensing patterns of the f (R,Lm) cos-
mic strings are also fundamentally different from the lens-
ing of the conical strings, being closer to the lensing pat-
terns produced by long gas filaments. The metric outside
the f (R,Lm) cosmic string is of Kasner-type, and there-
fore the propagation of light is strongly affected by the
space-time geometry. By assuming, in the first approxi-
mation, that the interior density profile of the f (R,Lm)
cosmic string can be approximated by a Gaussian distri-
bution with width σ0, for the lensing angle of a light ray
passing at a distance D from the string central axis, con-
sisting of a massive cylindrical matter distribution, we
obtain the expression α ≈
(
GM/c2light
)
Erf
(
D/σ0
√
2
)
,
where Erf(z) is the error function [72]. This equation is
valid under the assumption that the length of the string
is much larger than D. Hence, with the use of Eq. (72),
we obtain for the light deflection angle the expression
α ≈ 2β (kRs)2a+b−1 Erf
(
D
σ0
√
2
)
. (74)
As one can see from the above equation, the lensing an-
gle therefore depends on the intrinsic parameters k and
β of the metric, as well as on the Kasner coefficients a
and b. There is also a strong dependence on the string
radius Rs, as well as on the matter density profile inside
the string core. Due to the presence of a larger num-
ber of parameters in the deflection angle formula, cosmic
strings in exponential f (R,Lm) gravity could potentially
provide a better fit to the observational data as compared
to the standard string model. Also these massive string
solutions predict a much richer lensing behavior, as com-
pared to the simple conical string model, leading to the
possibility of a much wider range of deflection angles.
Different aspects of lensing by cosmic strings have
been analyzed in detail in the literature [73, 74]. A
potential lensing effect, which may provide some evi-
dence for the existence of cosmic strings, comes from the
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Capodimonte−Sternberg lens candidate (CSL-1) [73].
However, detailed comparisons of observations with ex-
isting string lensing models have proved, “beyond any
doubts” [73], that the CSL-1 images are simply a rather
peculiar pair of interacting elliptical galaxies. Nonethe-
less, a future improvement in the precision of the ob-
servations could lead to the potential identification of
f (R,Lm) strings, in the sense that lensing from such
strings may fit CSL-1 data for appropriate choices of the
model parameters.
V. STRING SOLUTIONS IN f (R,Lm) GRAVITY
WITH SELF-CONSISTENT MATTER
LAGRANGIAN
In the present section we consider some explicit solu-
tions of the field equations (21)–(24), without imposing
a priori the functional form of f (R,Lm).
From Eqs. (37) and (40) it immediately follows that the
function fR satisfies the second-order linear differential
equation
d2
dr2
fR +
3a+ 2b+ c
r
d
dr
fR =
(a+ b+ c− 1) (c− a)
r2
fR,
(75)
which has the general solution
fR (r) = C
′′
1 r
α1 + C′′2 r
α2 , (76)
where C′′1 and C
′′
2 are arbitrary constants of integration
and α1 and α2 are solutions of the algebraic equation
α2 + (3a+ 2b+ c− 1)α− (a+ b+ c− 1) (c− a) = 0,
(77)
given by
α1,2 =
1− 3a− 2b− c
2
±
√
(3a+ 2b+ c− 1)2 + 4 (a+ b+ c− 1) (c− a)
2
.
(78)
Using R = R0/r
2, where R0 is given by Eq. (42), we
can rewrite Eq. (76) as a function of R as
fR (R,Lm) = C
′
1R
−α1/2 + C′2R
−α2/2, (79)
where C′1 = R
α1/2
0 C
′′
1 and C
′
2 = R
α2/2
0 C
′′
2 giving, imme-
diately,
f (R,Lm) = C1R
n1 + C2R
n2 + g (Lm) , (80)
where n1 = 1−α1/2, n2 = 1−α2/2, C1 = C′1/ (1− α1/2),
C2 = C
′
2/ (1− α2/2), and g (Lm) is an arbitrary integra-
tion function of the matter Lagrangian Lm. This encom-
passes the solution obtained in [32] (which corresponds
to the condition f(R = 0) = 0, giving f(R) as a super-
position of powers Rk, k ≥ 1), when both sets of Kas-
ner conditions, Eq. (36), are satisfied and g(Lm) = 0.
However, it is clearly more general and holds for R 6= 0,
g(Lm) 6= 0.
The components of the string energy-momentum ten-
sor can then be obtained as
ρ =
1
Geff (R,Lm)
[
(a+ b+ c− 1) c
r2
− Λeff (R,Lm)
−a+ b
r
d
dr
ln fR (R,Lm)
]
, (81)
pr =
1
Geff (R,Lm)
[
(a+ b+ c)− (a2 + b2 + c2)
r2
+Λeff (R,Lm) +
a+ b+ c
r
d
dr
ln fR (R,Lm)
]
,(82)
pφ =
1
Geff (R,Lm)
[
(a+ b+ c− 1) (c− a− b)
r2
+Λeff (R,Lm)− 2 (a+ b)
r
d
dr
ln fR (R,Lm)
]
,(83)
pz = −ρ. (84)
By requiring that the generalized gravitational La-
grangian density must have the standard general rela-
tivistic limit, that is, by requiring it to reduce to the
standard Einstein−Hilbert Lagrangian for an appropri-
ate choice of the free parameters of the model, we can
impose the conditions
n1 = 1, C1 =
1
2
, (85)
which, according to Eq. (80), require α1 = 0. This cri-
terion is satisfied if the coefficients a, b, c satisfy the
condition
(a+ b+ c− 1)(c− a) = 0. (86)
Then, for α2 we obtain α2 = 1 − 3a− 2b − c, giving the
expression
n2 = n =
(1 + 3a+ 2b+ c)
2
(87)
for n2 = 1−α2/2, where, for simplicity, we rename n2 as
n from now on.
Therefore the self-consistent gravitational Lagrangian
for a string in f (R,Lm) gravity takes the form
f (R,Lm) =
R
2
+
C2
n
Rn + g (Lm) , (88)
which reduces to the Einstein−Hilbert Lagrangian when
C2 = 0 and g (Lm)→ Lm.
12
A. The energy conservation equation
In order to completely solve the problem of the
determination of the generalized gravitational action
for a string-like configuration, one must determine the
dependence of the function f (R,Lm) on the matter
Lagrangian Lm. This can be achieved by substitut-
ing the expressions of the energy-momentum tensor,
given by Eqs. (81)−(84), into the energy conservation
equation, Eq. (41). The resulting equation com-
pletely determines the functional form of f , as well
as the dependence of the matter Lagrangian on the
coordinate r. Taking into account the conditions given
by Eq. (86), we have to consider two cases independently.
1. The case a+ b+ c = 1, c 6= a
After substituting the expressions for the string en-
ergy density and pressures into the conservation equa-
tion, Eq. (41), and by taking into account the conditions
a+ b+ c = 1, c 6= a, we obtain the following differential
equation, giving the dependence of the function g (Lm(r))
on the matter Lagrangian and on the radial coordinate
r,
R0
{−2 [b2 + b(c− 1) + (c− 1)c]+ r3(−Lm(r))L′m(r)g′′(Lm(r)) +R0}
−2C2r2
(
R0
r2
)n [
b2(4n− 2) + 2b(c− 1)(5n− 4) + c2(4n− 2) + c(4 − 6n) + 4(n− 1)n−R0
]
= 0. (89)
2. The case a+ b+ c 6= 1, c = a
The second case in which the condition given by
Eq. (86) is satisfied is when the coefficients a, b, c in
the Kasner metric satisfy the conditions a + b + c 6= 1
and c = a. For these values of the Kasner coefficients the
energy conservation equation Eq. (41) takes the form
R0
[−6a2 − 4a(b− 1)− 2(b− 1)b+ r3(−Lm(r))L′m(r)g′′(Lm(r)) +R0]
−2C2r2
(
R0
r2
)n [
4n2(2a+ b)− 2(2b+ 3)n(2a+ b) + 6(a+ b)2 − R0
]
= 0. (90)
VI. KASNER-TYPE STRING SOLUTIONS IN
f (R,Lm) GRAVITY WITH SELF-CONSISTENT
GRAVITATIONAL LAGRANGIAN
In the present section we present some explicit, exact,
string-type solutions of the gravitational field equations
in f (R,Lm) gravity, for which the source term satisfies
the condition T tt = T
z
z and the metric is assumed to
be of the Kasner form. The solutions are obtained by
imposing specific conditions on the coefficients a, b, c, or
by assuming a specific functional form for the integration
function g (Lm(r)).
A. Solutions satisfying both Kasner conditions
We consider first string-type solutions that satisfy both
the Kasner conditions given in Eqs. (36). In this case
Rtt = R
r
r = R
φ
φ = R
z
z = 0, and R = 0, respectively. The
conservation equation Eq. (89) reduces to the condition
g′′ (Lm) = 0, giving g (Lm) = constant + Lm. Then, by
taking into account the fact that fR (R,Lm) = 0, from
the gravitational field equations (3), we obtain Tµν = 0,
implying that Lm = 0. We therefore obtain again, in
the framework of f (R,Lm) gravity theory, the Kasner
vacuum solution of standard general relativity.
B. Kasner-type string solutions with
g (Lm) = g0L
q
m(r)
As a second example of a string solution in f (R,Lm)
gravity we consider the simple case in which g (Lm) has a
power law dependence on Lm, so that g (Lm) = g0L
q
m(r),
where g0 and q are constants.
With this choice of the matter term the conservation
equation (89) and Eq. (90) give the r-dependence of the
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matter Lagrangian, allowing us to obtain, explicitly, the
full solution of the gravitational field equations for the
Kasner string. In the following we consider the cases
a+ b+ c = 1, c 6= a and a+ b+ c 6= 1, c = a separately.
1. The case a+ b+ c = 1, c 6= a
If the values of the constants a, b, c satisfy the con-
straints a + b + c = 1, c 6= a, then from Eq. (89), for
g (Lm) = g0L
q
m(r), we obtain first the differential equa-
tion satisfied by the matter Lagrangian as
−2C2r2Lm(r)
(
R0
r2
)n [
b2(4n− 2) + 2b(c− 1)(5n− 4) + c2(4n− 2) + c(4− 6n) + 4(n− 1)n−R0
]
+R0Lm(r)
(
R0 − 2
(
b2 + b(c− 1) + (c− 1)c))− g0(q − 1)qr3R0Lqm(r)L′m(r) = 0, (91)
with the general solution given by
Lm(r) = 2
−1/q
{
r−2(n+1)
(
2C1Ar
2 − nR0r2n
[−2 (b2 + b(c− 1) + c2)− 2c1g0(q − 1)qr2 + 2c+R0])
g0n(q − 1)R0
}1/q
, (92)
where c1 is an arbitrary constant of integration, and we
have denoted
A = Rn0
[
b2(4n− 2) + 2b(c− 1)(5n− 4)
+c2(4n− 2) + c(4− 6n) + 4(n− 1)n−R0
]
.(93)
Hence we obtain the gravitational Lagrangian density
explicitly as
f (R,Lm) =
R
2
+
2
2 + 2a+ b
C2R
(2+2a+b)/2+g0L
q
m. (94)
Imposing 2a + b = 2 or, equivalently, c = a − 1, and
setting C2 = 1/Λ, we obtain the model f (R,Lm) =
1
2
(
R+R2/Λ2
)
+ g0L
q
m, whose f(R) version with mat-
ter minimally coupled to geometry is commonly studied
[32]. Hence, static, string-type solutions do exist in the
f (R,Lm) cosmology, but their self-consistent description
requires R ∝ r−2 6= constant within the string core.
C. The case a+ b+ c 6= 1, c = a
If the parameters of the Kasner metric satisfy the con-
ditions a + b + c 6= 1, c = a, then for g (Lm) = g0Lqm,
from the conservation Eq. (90), it follows that the matter
Lagrangian satisfies the differential equation
R0
[−6a2 − 4a(b− 1)− 2(b− 1)b+R0]− 2C2r2
(
R0
r2
)n [
4n2(2a+ b)− 2(2b+ 3)n(2a+ b) + 6(a+ b)2 −R0
]
−g0(q − 1)qr3R0Lq−1m (r)L′m(r) = 0, (95)
with the general solution given by
Lm(r) = 2
−1/q
{
2C2Br
2 − nR0r2n
[−6a2 − 4a(b− 1)− 2(b− 1)b− 2c2g0(q − 1)qr2 +R0]
g0n(q − 1)R0r2(n+1)
}1/q
, (96)
where c2 is an arbitrary integration constant, and we have
denoted
B = Rn0
[
4n2(2a+ b)− 2(2b+ 3)n(2a+ b) + 6(a+ b)2 −R0
]
.
(97)
The gravitational Lagrangian of this model takes the
form
f (R,Lm) =
R
2
+
2
1 + 2b+ 4c
C2R
(1+2b+4c)/2 + g0L
q
m.
(98)
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Imposing a = c = 14 (3 − 2b), C2 = 1/Λ, we again obtain
the model f (R,Lm) =
1
2
(
R+R2/Λ2
)
+ g0L
q
m, whose
f(R) limit, corresponding to q = 1 and g0 = 1, has been
extensively studied. Therefore, in general, it is clear that
in f (R,Lm) gravity theories two different families of self-
consistent Kasner-type string solutions exist.
D. Quasi-Kasner solutions of the field equations
Finally, we consider the case in which both Kasner
conditions, given by Eqs. (36) hold approximately, so that
a+ b+ c ≈ 1, and a2 + b2 + c2 ≈ 1, but R0 = a2 + b2 +
c2 + (a + b + c)(a + b + c − 2) 6= 0, implying that the
Ricci scalar R is again nonzero inside the string. For
the function g (Lm) we adopt again a power law form,
with g (Lm) = g0L
q
m(r). Under these assumptions the
energy-conservation equation (41) becomes
2C2r
2
(
R0
r2
)n
[R0 − 2(n− 1)(3b(c− 1)− c+ 2n)] +R20 − g0(q − 1)qr3R0Lm(r)q−1L′m(r) = 0, (99)
with the general solution for Lm given by
Lm(r) = 2
−1/q
{
2C2r
2Rn0 [2(n− 1)(3b(c− 1)− c+ 2n)−R0]− nR0r2n
[
R0 − 2c3g0(q − 1)qr2
]
g0n(q − 1)R0r2(n+1)
}1/q
, (100)
where c3 is an arbitrary constant of integration.
The thermodynamic parameters of the quasi-Kasner
string are obtained as
ρ(r) =
{−2C2r2(R0/r2)n [4(−1 + c)(−1 + n)n+R0] + nR0 [−R0 + 2g0(−1 + q)r2Lqm(r)]}L1−qm (r)
4g0nqr2R0
, (101)
pr(r) =
L1−qm (r)
{
nR0
[
R0 − 2g0(q − 1)r2Lqm(r)
] − 2C2r2 [4(n− 1)n−R0] (R0r2 )n}
4g0nqr2R0
, (102)
pφ(r) =
L1−qm (r)
{
nR0
[
R0 − 2g0(q − 1)r2Lqm(r)
] − 2C2r2 [8(c− 1)(n− 1)n−R0] (R0r2 )n}
4g0nqr2R0
, (103)
pz(r) = −ρ(r). (104)
With the use of Eqs. (6) and (7) we obtain for Geff
and Λeff the general expressions
Geff =
g′ (Lm)
1 + 2C2R
n−1
0 /r
2(n−1)
=
g0qL
q−1
m (r)
1 + 2C2R
n−1
0 /r
2(n−1)
,
(105)
and
Λeff =
1
1 + 2C2R
n−1
0 /r
2(n−1)
×
[
R
2
+
C2
n
Rn0
r2n
+ g (Lm)− g′ (Lm)Lm
]
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=
1
1 + 2C2R
n−1
0 /r
2(n−1)
[
R
2
+
C2
n
Rn0
r2n
+ g0(1 − q)Lqm(r)
]
,
(106)
respectively.
Again, we may recover the common model with R and
R2 terms for an appropriate choice of the Kasner pa-
rameters, but the important point to note is that, for
all cases in which self-consistent Kasner-type string solu-
tions exist, other more general models are also possible.
In particular, there exist two distinct families of nonvac-
uum Kasner-type solutions for which the Kasner condi-
tions are not satisfied inside the string core, and specific
relations between the parameters a, b and c must be im-
posed in order to satisfy the correspondence principle,
embodied in Eq. (86).
However, an additional family of string-type solutions
also exists in which the Kasner conditions are satisfied
approximately, but no further conditions relating a, b and
c need to be imposed to ensure the existence of the gen-
eral relativistic limit. Setting C−12 = R0 = 2Λ and n = 2
in Eq. (88) is one way to obtain an effective cosmologi-
cal constant (to leading order for large r) at the level of
the field equations, which is naively consistent with the
results of the previous work in which Linet−Tian type so-
lutions (corresponding to the exterior of a cosmic string
embedded in a space-time with Λ 6= 0 [50]) were found
to exist in f(R) gravity [32, 33].
Thus, it may be hoped that future studies, in which
the local EOM for field-theoretic variables in the mat-
ter Lagrangian are explicitly solved in conjunction with
the gravitational field equations, recover the solutions ob-
tained in [32, 33] as T tt (r) = T
z
z (r) → 0 for r →∞; that
is, as the string energy density tends asymptotically to
zero. For small r, one would also hope to be able to relate
the parameters in the Kasner metric to the fundamental
field theory parameters (e.g. the symmetry breaking en-
ergy scale, η, scalar and vector coupling constants, λ and
e, and topological winding number, |n| in the Abelian-
Higgs model), directly, via expressions such as Eq. (88).
E. The mass and angular deficit of the string
In the following we limit our analysis to the quasi-
Kasner case, that is, we assume that a+ b+ c ≈ 1, a2 +
b2 + c2 ≈ 1, but R0 6= 0. The radius Rs of the string
can be obtained from the condition pr (Rs) = 0, and it is
obtained as a solution of the equation
nR0
[
R0 − 2g0(q − 1)r2Lqm(Rs)
]
−2C2R2s [4(n− 1)n−R0]
(
R0
R2s
)n
= 0. (107)
In the string Lagrangian given by Eq. (100), inside the
bracket we have a sum of three terms, the first varying
as a function of r as 1/r2+2a+b, the second as 1/r2, and
a third constant term. Therefore in the large distance
limit the dominant term is 1/r2, and we can adopt for
the string Lagrangian the approximate expression
Lm(r) ≈
[
R0
n(1− q)
1
r2
]1/q
. (108)
For the radius of the string we then obtain the expression
Rs ≈
{
2 [4n(n− 1)−R0]
nR20 (1 + 2g0/n)
}1/2(n−1)
C
1/2(n−1)
2 . (109)
For this value of the radius both the energy density
and the tangential pressure pφ have nonzero values at
the string surface.
The Tolman mass per unit length of the string is
M (Rs) ≈ πβ(1 − q)
g0R20k
2(1−1/q)
[
R0
n(1− q
] 1
q
(kRs)
3−b−2c−2/q
{
2C2R
n
0R
2(1−n)
s [2(2c− 1)(n− 1)n−R0]
q(b + 2c+ 2n− 5) + 2
− R
2
0(2g0 + n)
q(b+ 2c− 3) + 2
}
, (110)
where, in order to avoid the singularity in the origin,
we have to impose the conditions b + 2(c + 1/q) < 3,
and b + 2(c + n + 1/q) < 5, respectively. In the same
approximation for the W parameter, which determines
the angular deficit, we obtain
W (Rs) =
πβ(q − 1)
g0R20k
2(1−1/q)
[
R0
n(1− q)
] 1
q
(kRs)
3−b−2c−2/q
{
2C2R
n
0R
2(1−n)
s [2(4c− 5)(n− 1)n+R0]
q(b + 2c+ 2n− 5) + 2
+
R20(2g0 + n)
q(b+ 2c− 3) + 2
}
, (111)
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where we again impose the same conditions in order to
avoid the singularity at r = 0.
By assuming that C2 = C0/Λ, where Λ is the cos-
mological constant with values of the order of Λ =
10−56 cm−2, the radius of the string can be estimated
as
Rs ≈
{
2
[4(n− 1)n−R0]
nR20 (1 + 2g0/n)
}1/2(n−1)
× 1028/(n−1) cm.
(112)
The string radius thus rapidly decreases with increasing
n, which determines the R-dependence of the gravita-
tional action. In addition, very small values of 4n(n −
1) − R0 can further reduce the string radius. Alterna-
tively, since n = 1 + a + b/2, very small values of a and
b can significantly increase the radius of the string. For
a+b/2 = 4, we obtain values of the string radius of order
Rs ≈ 107 cm. In the leading order of approximation the
mass-radius relation of the quasi-Kasner string is given
as
M (Rs) ∝ (kRs)5−b−2c−2/q−2n , (113)
or
M (Rs) ≈ 1.35× 1028 (kRs)5−b−2c−2/q−2n g/cm. (114)
The mass of the string also depends on q, giving the mat-
ter Lagrangian dependence in the gravitational action.
On the other hand, the mass of the string depends on
the coefficient R0, which, due to the impositions of the
approximate Kasner conditions, may have a very small
value. Hence, depending on the adopted values of the
model parameters, a very wide range of radii and masses
can be generated for cosmic strings in f (R,Lm) grav-
ity. Similar relations can be obtained for the angular
deficit W , W ∝ (kRs)5−b−2c−2/q−2n, with the sign of W
depending on the adopted numerical values of the string
metric parameters. Under the same assumption of an ap-
proximate Gaussian matter density profile, the relation
α ≈
(
GM/c2light
)
Erf
(
D/σ0
√
2
)
leads to a great variety
of lensing behaviors, due to the strong dependence of the
string mass on the model parameters.
VII. DISCUSSIONS AND FINAL REMARKS
In this paper we have considered static, cylindrically
symmetric solutions of the gravitational field equations
for a string-like distribution of matter in the f (R,Lm)
modified gravity theory, in which the gravitational La-
grangian is given by an arbitrary function of the Ricci
scalar and matter Lagrangian. Having determined the
gravitational field equations for a general cylindrically
symmetric metric, with arbitrary dependence of the met-
ric tensor components on the radial distance, r, we have
restricted our subsequent analysis to a specific case by
adopting the Kasner metric for the string interior, in
which the components of the metric tensor are propor-
tional to powers of r.
Two distinct models have been investigated. In
the first, the gravitational Lagrangian was fixed in
the form of an exponential function, f (R,Lm) =
(1/Λ) exp (R/2Λ + Lm/Λ), which obviously reduces to
the Einstein−Hilbert Lagrangian in the limit R/2 +
Lm ≪ Λ. In the second, f (R,Lm) was self-consistently
determined from the field equations using the string con-
dition, T tt = T
z
z , or equivalently, ρ = −pz, where ρ is the
mass per unit volume of the string and pz is the ther-
modynamic pressure, together with the correspondence
principle, which requires the Einstein−Hilbert limit to
exist for appropriate choices of the free model parame-
ters.
In the first case, from the field equations one can obtain
a second-order linear differential equation for the matter
Lagrangian, whose solution can be expressed in terms of
the hypergeometric and Laguerre functions. The knowl-
edge of the matter Lagrangian fully determines the solu-
tion of the field equations, allowing the determination of
the energy density and anisotropic pressures inside the
string. Crucially, in this case, the Kasner parameters are
required to satisfy the relation 2a + b > 6, in order to
avoid divergences in the Tolman mass density (i.e. the
relativistic mass per unit length of the string), M , and
W parameter, which determines the angular deficit [59],
as r → 0.
In the second case, by imposing the string conditions
for the field equations in the Kasner metric, we obtain
a second-order differential equation for f (R,Lm) which
allows the determination of the gravitational Lagrangian
density. In this case f (R,Lm) has an additive structure,
being the sum of a Ricci scalar-dependent function, and
of a matter Lagrangian-dependent function g (Lm(r)),
which is an arbitrary function of integration. The depen-
dence on the Ricci scalar can be simplified with the use of
the correspondence principle, by requiring the standard
general relativistic limit of the modified gravity action
(i.e. the Einstein−Hilbert action) to exist for appropri-
ate choices of the arbitrary parameters and functions of
the model. In order to determine the matter Lagrangian
dependence one must use the conservation equation of
the theory, which gives a strongly nonlinear differential
equation for g (Lm(r)). In order to obtain some explicit
solutions of the field equations we have assumed the sim-
ple case in which g (Lm(r)) = g0L
q
m(r), q 6= 1. This
choice allows the immediate determination of the mat-
ter Lagrangian from the conservation equation, and of
the general solution of the field equations, for a gravi-
tational model described by a Lagrangian density of the
form f (R,Lm) = R/2+(C2/n)R
n+g0L
q
m, q 6= 1, where
n = n(a, b, c) depends on the parameters a, b, c of the
Kasner metric. In this case, the function n(a, b, c) may
take two different forms, corresponding to two distinct
sets of conditions imposed on the Kasner parameters,
a, b, c, in order to satisfy the correspondence principle.
Thus, depending on the choice of conditions for a, b and
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c, two distinct string-type models can be obtained. An
additional family of solutions, which we refer to as quasi-
Kasner solutions, also exists, in which both sets of Kas-
ner conditions (i.e. those defining both the Kasner sphere
and the Kasner plane [48]) are approximately satisfied,
but for which the Ricci scalar is nonzero inside the string
core.
Importantly, for all sets of self-consistent Kasner-type
string solutions obtained in our study, the Ricci scalar
is of the form R = R0(a, b, c)/r
2, where R0(a, b, c) = 0
when both sets of Kasner conditions are satisfied. Thus
we recover, in the context of the f(R,Lm) theory of grav-
ity, the unique R = 0 vacuum solution obtained in gen-
eral relativity [48, 49] and, previously, in f(R) gravity
[32, 33]. However, the existence of vacuum solutions in
the f(R) theory for which R = const. 6= 0, also found
in [32, 33], and which correspond to Linet−Tian (LT)
type solutions [50] under the identification of R = const.
with the cosmological constant term in the gravitational
field equations, imply that the Kasner metric fails to cap-
ture LT-type solutions in both f(R) and, more generally,
f(R,Lm) gravity.
The physical interpretation of this is that, although
cylindrically symmetric “Kasner-type” solutions, for
which R = 4Λ = constant may be identified with the
cosmological constant, exist in general relativity [51], no
such solutions exist for the Kasner metric in f(R) and
f(R,Lm) gravity. Hence, since the (non-Kasner) solu-
tions exhibiting cylindrical symmetry so far obtained in
f(R) gravity correspond to vacuum solutions for which
R = constant 6= 0 and, since the unique R = 0 vacuum
solution obtained in [32, 33] is equally well expressed in
terms of the Kasner metric, as shown in the present study,
we may conclude that non-Kasner metrics are required
to capture all additional static, cylindrically symmetric,
vacuum solutions (for which R 6= 0) in both the f(R)
and the f (R,Lm) modified gravity theories.
Observationally, these results are interesting since they
provide a much richer gravitational lensing pattern for
strings in f(R,Lm) gravity, as compared with strings
in general relativity. In particular, both the potential
range of string widths and the range of lensing angles is
far greater than in the standard scenario, and additional
distortion of lensing images occurs due to the space-time
curvature, even for vacuum strings. Since these also de-
pend, sensitively, on the values of many free model pa-
rameters, it may even be hoped that future high-precision
observations of anomalous lensing candidates, such as
CSL-1, may yield data compatible with f(R,Lm) string
models.
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Appendix A: The conservation equation in f (R,Lm)
gravity
In this appendix we give an explicit proof of the “non-
conservation” equation (14) in f (R,Lm) gravity. By tak-
ing the covariant divergence of Eq. (3) we first obtain
∇µfRRµν + fR∇µRµν + (∇ν−∇ν) fR
−1
2
[
fR∇µR+ fLm∇µLm −∇µfLmLm − fLm∇µLm
]
gµν
=
1
2
∇µfLmTµν +
1
2
fLm∇µTµν . (A1)
With the help of Eq. (13) we then have
(∇ν−∇ν) fR = −Rµν∇µfR, (A2)
while from purely geometric considerations
fR∇µRµν − 1
2
fR∇µRgµν
= fR∇µ
(
Rµν − 1
2
gµνR
)
≡ 0. (A3)
Therefore, Eq. (A1) reduces to
∇µTµν = 1
fLm
∇µfLm (Lmgµν − Tµν) , (A4)
or, equivalently,
∇µTµν = ∇µ ln fLm (Lmgµν − Tµν) . (A5)
Appendix B: Derivation of the Kasner metric in
standard general relativity
In standard general relativity the vacuum gravita-
tional field equations satisfy the conditions Rνµ = 0 and
R = 0, respectively. For a general static cylindrically
symmetric metric of the form (16), the components of
the Ricci tensor are given by Eqs. (19). The equations
Rtt = R
φ
φ = R
z
z = 0 can be immediately integrated to
give
LKN ′ = C1, NKL
′ = C2, NLK
′ = C3, (B1)
where C1, C2, C3 are arbitrary constants of integration.
From the above equations we obtain
N ′
N
= α1
L′
L
,
N ′
N
= β1
K ′
K
,
K ′
K
=
1
γ1
L′
L
, (B2)
where α1 = C1/C3, β1 = C1/C3, and γ1 = C2/C3. The
condition Rrr = 0 then gives the following equation for
L(r),
(α1γ1 + γ1 + 1)L(r)L
′′(r) − (α1γ1 + 1)L′2 = 0, (B3)
which has the general solution
L(r) = c2 (γ1r)
1+α1+1/γ1 = c2 (γ1r)
b
= β (kr)
b−1
r, (B4)
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where c2 is an arbitrary integration constant and where
we have taken, without any loss of generality, an arbitrary
integration constant to be zero. We have also denoted
b = 1 + α1 + 1/γ1. In the last equality in Eq. (B4)
we have rescaled the arbitrary integration constants. By
denoting a = α1b and c = b/γ1, we obtain
N(r) = N0 (γ1r)
a
,K(r) = K0 (γ1r)
c
, (B5)
where N0 and K0 are also arbitrary integration con-
stants. Then, by using the above expressions for the
metric tensor components, Eqs. (B1) impose the restric-
tion a + b + c = 1 on the constants a, b, c. Finally,
the condition R = R0/r
2 = 0 requires R0 = 0 for the
vacuum solution and with the use of the explicit form
of R0, given by Eq. (42), it follows that in order for the
Kasner metric to represent a static general relativistic
vacuum solution of the gravitational field equations, the
coefficients a, b, c must also satisfy the second Kasner
condition a2 + b2 + c2 = 1.
